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ABSTRACT

An asymptotic expression is found for the derivatives of orthogonal

polynomials on the unit circle. The condition on the weight function is

local and the result is stronger than the previous ones.

SIGNIFICANCE AND EXPLANATION

When expanding functions into orthogonal series and investigating the

convergence of the derivatives of these series one is led to consider the

asymptotic behavior of the derivatives of orthogonal polynomials . In the

paper we show that essentially one can differentiate the asymptotic formula

for the orthogonal polynomials in order to get asymptotics for the deriva-

tives of these polynomials.
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Let o ht~ a bounded nondecreasing func t ion  on (O ,2n1 taking infinitely many values.

Then there exi~ t~ , a unique sequence of polynomials {~~~(do)) 0 such that ~~ (do,z) =

e (do)z° + . . .,  cx (do) ‘ 0 andn n

211 . 
. V

-
~~

-
~ f ~

‘ (do , z) ~~~(do ,z )  d o ( O )  = 6 (z = d
O )n m nm

One of the basic j~~cshlems in the theory of orthogonal polynomials on the unit  circle

is to f i n d  aE~ym pt o t i c  ex pressionr  fo r ~~~ (do ,z) as n -
~ . There is an extensive  l i t e r—

ature  d e a l i j o  w i t h  th i s  qu e s t i o n .  (See e .g. 12 1 ,  ( 3 )  and (71.) In order to obtain asymp—

tot i cs  oi xe has to SSSSUmC tha t  a behavee n ice  in a c e r t a i n  reuse . Usu a l l y  there aie two

kindc, of as~;u ::~~t io :~~;: g l o b a l l y  o mw~t cat i ~.f y a gr o w t h  condi t ion and locally (near e ,

z = e )  a ha~; to be SmOoth.  The weakest condit ion  under w h i ch  one can prove asymptotics

for ~~~(d.  . / . )  belongs to G. Freud 12 ) .

I, .~t the Szeqd func t ioa  D (d e , z)  corresponding to o be defined by

D(d cx , z) = eXP { r 
—11 

log o ( t )  d t)  ( In < 1)

If

( 1) J log a’ ( t) d t  > -
~~

then D(d cx )  c }1
2 ( I z !  < 1 ) ,  D(d o ,z) / 0 for I z i  < 1, D(d a ,O) > 0 and

lim _ D(da ,re it ) D(d a ,elt )
r+1

exists and D(de,e
1t
) 
2 a’ (t) for almost every t. £
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Using the notion of Szeg~i’s function we can formulate Freud’s result. Assume that

(1) is satisfied and in a neighborhood of 0 (z = e~~
0 ) a is absolutely continuous with

0 < m < a ’ (t) < M < ~ for to -t i  small and

(2) 1 (
a (O) 0 (t)

)
2 
dt <

t o—t i  small 
—

Then

(3) u r n  1~~~(da~e~°) — e~~ ° D (da , e~
0 ) l

1
n -a.

In the end of L. Geronimus book (3] fourteen other conditions are given all of which

imply the asymptotic relation (3). The problem of finding asymptotics for

(k = 1,2,...) seems to be more difficult. There are only a very few papers investigating

the relationship

(4) iim tn~~ 
~~~ (da ,z) - i

n_k 
D(da,z) I = 0 (z = e’0)

0

(See 14), (5) and (63.) In all these papers it is assumed that o satisfies some very re-

strictive conditions. In particular , a has to be absolutely continuous and (a.) 1 £

In (4) and 151 the authors apply strong methods of approximation theory . The purpose of

this paper is to show that (4) can be proved under Freud’s conditions. Instead of approx-

imation theory our approach in based on the fo)lowing two observations. First , it is easy

to prove (4) provided that a is very nic.~ locally. Second , the weak asymptotics

(5) 1im~~ — f I~~~(da,e
1O
) — etflO D(dc,eiO)

u
I da(0) = 0

always holds whenever ( 1) is  sat isfied . (See 12) . §V . 4 . )

In the following t~ will denote a closed interval in (—2 s ,2s) is its interior

and t~ is the corresponding arc on the unit  circle. If P is a polynomial then P de-

notes the polynomial whose coefficients are the comp]ex conjugates of the corresponding

coefficients of P . The polynomial p *(da) is defined by

* -1
~~ (da ,z) a ~~ (d a.z

We have therefore by (5)

—2—
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(6) 
~~~~~~~~~~ 

j~’ (da ,e ’6 ) — D(da,e~
°)’I do(O ) = 0

provided that (1) holds.

Lemma. Let a be such that (1) is satisfied. Let ~ and c ~
O 

be given. Suppose

that o is absolutely continuous on ~ and a’ Ct ) = 1 for t C . Then for every fixed

k = 0,1,... n~~~p °~~(do ,z)I and fl
_k

I~,
*(k)(da,z)I are uniformly bounded for z C

Further (4) holds uniformly for z C

Proof. Fix 
~2 

SO that c 4 ~ ~2 ~ ~0 
By a result of L. Geronimus [3)

* j e iO —1(7) ~~ (da ,e ) = D(da ,e ) + o(l)

uniformly for 0 c 
~2 

Because of the assumptions D(do,e
lO
)

l 
is continuous on A

2

We have

* iS dk * iS * 10
~~~(da ,e )( I H~ 

[~~~(do , e ) — 
~ 1Fi

(do ,e )]j +

*
+ I—i ~1r1~~,e ) I

Therefore by the local version of Bernstein ’s inequality (see 11), p. e96.)

* iOmax I~~~~P~ (dO~e ) l <

Oc~ dO

k
k * iS * jO 2 * j 5

const (n max I~~~(da ,e ) - P 1r1 (do .e ) I
~ 

n max ~ 1r3
(do ,e ) i j

O c A 2 OeA 2

Consequently for k = 1,2 , . . .

* iO k(8) —i ~ (da ,e ) i  = o(n
dO

*(k ) kuniformly for 0 € . Hence 
~~‘ 

(da ,z ) t  = o(n ) uniforml y for z E if k > 1

is fixed. Now we have

10 m O  * j Q
) — e ~~ (da ,e

—3— 
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Differentiating this identity and using (8) we obtain for k 1,2,...

d iO . k m O  * iS k(9) — ~ (do , e ) = (ro )  e ~ (do,e ) + o(n )
dO fl

uniformly for 0 a . This is also valid when k = 0 . Replacing d i f ferent ia t ion  in S

by differentiation in z and using the fact that (9) is valid for every k we obtain (7).

THEOREM. L.et a satisfy (1) and let z = e~
0 be fixed . Assume that a is absolutely

continuous near 0, 0 < m < a’ Ct ) I N < for Is-ti small and (2) holds. Then for

every fixed k = 1,2,... the asymptotic relation (4) holds true .

Proof. Pick up a sufficiently small neighborhood t~ of 0 and define a
~ 

by

for t ? 1~

do
1
(t)

dt for t c ~~

Let the function g be defined by

11 for

g ( t )
(t) for t C

If ~ is small enough then do = gda
1

, 0 < m1 I g(t) < N
1 

and

dt <

Note that a
~ 

satisfies the conditions of the lemma. Let us expand ~~ (da) into Fourier

series in ‘p 1
(da

1
) . We have

(10) ~~ (da ,z) 
~~ 

J ~~~~~~~~~ K (d0
1
,z,e

it
) da

1
(t)

where

K (d0
1
,z,y) —1L ~~(da1,z) ~~ (da 11y)

Differe nt ia t ing (10) by z and using the fact that ~~ (d o) is orthogonal with respect to

gdo1 we obtain

—4— 
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P (do.e~~) ~ (do elt
) do

1(t) 
~, ( k )  (do 1, z) +

+ 

~~~~ 

~~ (do,e
1
~) — K (da .z e it

) (1 — do
1
(t)

Using the Christoffei-Darbowc formula

(1— ny) K
1

(da
11 z ,y )  ~~ (d~1

,z) ~~ (dc
1
,y) — ~~~(da 1

, z) ~ 0
(da

1
,y)

(See (2).) we get

— 
k-i

(1—zy) ;•—i~
- Kn_ l d0

1~~
Z

~~Y) — ky 
d:k l  

K 1
(da

1
,z,y) =

*(k )  * (k)
~
‘n 

(da
1
,z) 

~n~~°1’~~ 
— P 0 (d o 1 ,z )  

~n~~
01~~~

(k) iS
Therefore 

~

‘ (da ,z) (n c ) can be wri t ten as

(do ,z) = A 4 B + C

whc re

21T 1 _ ~ j .~i
A ~~~~~(d o

1 ,z)  . !_ j ~~ (da,e
1t
) ~~ (da 1

,e
1t). (1 — 

—

__________ 

g ( t )

= ~,*( k )  
(da

1
,z) 

~~

— 

~: 
~ (da,e

lt) ~*(da elt ) 
1 e ~~~~~~ 

do
1
(t)

and
0(t)

C = k~ ~~ J ~~ (da, e
1t

) 
dz k l  K 1

(d a
1 ,z ,e

it ) .  e lt . ______ (0 da
1
(t)

We will estimate A, B and C separately. First we consider A • We will show tha t the

in tegral in ~ converges as n ~ . Write a and 01 
as

0
a~~~0s~~~0i o~~— a ~~+ a ~~+0~

where a , s and j  refer to the absolutely continuous. sinaular and jump components re—

spectively. It is clear from the construction that a~ a~ , o~ = and do
8 

gdo~

Since the func t ion

—5—
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g(QL
i(0—t)

1 - e

is uniformly bounded on the support of d(a~ + a~) we obtain from (5) that

~~ ~: 
~~~~~~~~~ ~, (d0

1
,elt) f(t) d(a~ (t) + a~~( t ) )  0

Now fix c > 0 and choose .5 > 0 so that 0 ± 6 a c and

0+6

~ I k(t 1 2 g( t ) 1
~ dt < c.

0— 6

We have

0+6

~~5 
iP (da ,e~~ ) p (dct~~,e~

t ) f ( t )  do~~(t )  I

8+6 . 0+ 5
(~~~~~ f 5_ .5 ~P 0 a , e

lt
) 1

2 g( t) dct~~( t ) ) 2 
t~~ f f ( t )~~

2 g ( t ) 1 dci~~( t ) )
2

max I.pr (da l,e
it

)I
tcA 1

which by the lemma is O (J~ I . Using (5)  we obtain that

lint ~ f .p (da , e~~
t

? ~~~(do , e
lt

) f ( t )  dO a (~~) =
2s 

i 0 — t l > 6  
0 0 1 1

— -j— f D(da , e~
0 ) 1 

D(d a 1
,elt ) 1 f ( t )  da~~( t )

I 0 — t i ’ 6

Letting £ + 0 and using the lemma we finally get

(11) A p p (k )  
(da 1, z) + O(nk)

as n + = where the number p does not depend on k . The expression B can be estimated

in a similar way . The only difference is that this time we have to apply both (5) and (6).

Because ~~ (do1
) weakly converges we obtain

(12) B = ( k
)

on n + . In order to show that

-6- 
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(13) C = ( k )

as n 4 ~ we. use Cauchy s inequality. We get

2s k—l 1_ gj
~

_ 2

id
2 

< k2 
~~

— f 
~~~~~ 

K~~~ (do 1
,z,e

it
)1
2 

~~~~ (e-t)~ 
q(t)

1 
da
1
(t)

By the lemma

it 2 2k
~~~~~~~~~~~ ~~~~~~~~ 

(da
1
,z,e >1 1 const n

dz

for Is— t i small and by the conditions

g(t) 2

~lt— o k ~ 
~~~~~O-t) 

g(t)
l doi

(t) = 0

Therefore we have to estimate

k- i i _ 9~~! 
2

~~ 
1
it— oL~

.5 
I~~ T K~ _ 1 (d0

1
,z , elt ) 1

2 g ( t )~~ da 1
(t )

for fixed .5 > 0 • But this is less than

const 
~~~ ‘:~~ 

K0_i dal
,z,e

1t
1
2 

da~~t = const~~
1 

~ 
k-i )  (do nI l

2

which is 0(fl
2kl ) by the lemma. Hence we have proved (13). From (il)-(13) we obtain

0-k ~ (k ) (da , z) ~ 0—k ~ (k ) (do 11 z) + o( l )  (n +

for k = 0,1,... fixed where p is independen t of k . By the lemma

—k ~ (k) (da
1
,z = ~

_k 
~~ (da 1

,z) + o(l)

as n -‘ . Therefore

-k ~ (k ) (do ,z) ~
_k 

~~ (do ,z) + o( l)

and the theorem follows from Freud’ s result which was formulated in the beginning.

-7-
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